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Based on the simple and efficient method we discuss properties of a single impurity immersed in
three-dimensional Bose gas with the interaction between particles tuned to unitary limit. Particu-
larly, we present the first estimations for the low-momentum parameters of the impurity spectrum,
namely, the binding energy and the effective mass both for repulsive and attractive Bose polarons
in the unitary gas.
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I. INTRODUCTION
The creation of the Bose-Einstein condensed state in
ultra-dilute alkalies [1, 2] 25 years ago opened up new
horizons for studying collective phenomena in these es-
sentially quantum systems. The next step in the ex-
perimental progress was achieved by the possibility of
controlling the small amount of particles, which pro-
vided the observation of Efimov’s states [3] and more
recently the so-called Fermi [4] and Bose polarons [5–
8], i.e., a single impurity atoms immersed in majority of
host fermions and bosons, respectively. Such a success of
experimental techniques provided the verification of nu-
merous theoretical predictions of the Bose polaron prop-
erties in three dimension, based on variational [9, 10],
renormalization-group [11, 12], field-theoretical [13, 14]
and Monte Carlo [15–17] methods which allow the de-
scription of the quantum effects for weak [18–20] and
strong [21] boson-impurity interactions and were appli-
cable at low temperatures and in the vicinity of the Bose-
system superfluid transition point [22–26].
Along with such a wide range of works where polarons
are investigated in diluted Bose gases, the properties of
impurities in the strongly-interacting systems are well-
studied only in a context of liquid 4He [27–32]. But
properties of superfluid helium itself and impurity atoms
immersed in it are strongly dependent on the details of
the two-body 4He-4He potential. There is, however, an-
other experimentally realizable [33–35] gas of bosons with
short lifetime and strong point-like inter-particle inter-
actions, the so-called unitary Bose gas. The two-body
s-wave scattering length formally diverges in this sys-
tem, and thermodynamics is universal [36] in a sense
that is fully controlled by one dimensionless parameter,
namely, temperature in units of bosonic analog of the
Fermi energy. To our knowledge, behavior of exterior
particles immersed in unitary Bose gas was not yet ex-
plored. The objective of this article is, therefore, partially
∗e-mail: volodyapastukhov@gmail.com
to fill this gap by utilizing the semi-phenomenological ap-
proach of Ref. [37] to the problem of impurity in a three-
dimensional unitary Bose gas at absolute zero. Such
a mean-field-like treatments [38, 39], regardless of their
simplicity, were recently demonstrated [40–43] to be quite
efficient for the description, in reasonable agreement with
the Monte Carlo simulations [44, 45] of Bose polarons in
one dimension. In contrast to one-dimensional systems,
where the effects of quantum fluctuations are strongly ex-
hausted [46] a behavior of impurities in higher dimensions
is known to be much influenced by the few-body physics.
Of course, the mean-field ansatz cannot describe a for-
mation of the boson-impurity dimers, trimers etc. [47],
but it gives reliable results for the Bose-polaronic state
at any strength of the boson-impurity couplings.
II. MODEL AND METHOD
The considered model consists of a single impurity
atom immersed in a bosonic medium at absolute zero.
The Bose subsystem that contains N spinless particles
is described by the semi-phenomenological model with
the Hamiltonian that goes back to the seminal work of
Landau [48]
HB =
∫
dr
{
− ~
2
2m
ψ+(r)∇2ψ(r) + E [n(r)]
}
, (2.1)
where the integration is carried out over large volume
V with periodic boundary conditions, m is the mass of
bosons and E [n] stands for the normal-ordered energy
density of the uniform system at rest. The field oper-
ators ψ+(r), ψ(r) obey standard bosonic commutation
relations and n(r) = ψ+(r)ψ(r) denotes the operator of
a local bosonic density. The part of total Hamiltonian
which is fully microscopical and refers to the impurity,
reads
HI = − ~
2
2mI
∂2
∂r2I
+
∫
drΦ(|rI − r|)n(r), (2.2)
where rI and mI denote a position and a mass of an im-
purity, respectively. The second term in (2.2) is the en-
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2ergy of impurity-Bose-system interaction with the two-
body potential Φ(r) that will be specified below. Our
choice of bosonic Hamiltonian is a very flexible one, be-
cause with such a form it exactly reproduces bosons with
the point-like interaction and allows the phenomenologi-
cal generalizations, in the spirit of local density approxi-
mation, by varying the energy density E [n].
The whole zero-temperature analysis below is based on
the variation principle for total Hamiltonian HB + HI .
As a trial wave function we choose the mean-field ansatz
(here |vac〉 is the normalized Fock vacuum state)
|Ψ〉N =
(
b+0
)N
√
N !
|vac〉, (2.3)
with the bosonic creation operator defined as follows
b+0 =
1√
N
∫
drφ(rI − r)ψ+(r), (2.4)
where unknown function φ(r) is the subject for minimiza-
tion of the energy functional
E =
1
V
∫
drI N 〈Ψ|HB +HI |Ψ〉N , (2.5)
with additional constrain
∫
dr|φ(r)|2 = N , which ac-
counts for the correct normalization (we chose the one,
where N 〈Ψ|n(r)|Ψ〉N = |φ(rI−r)|2 is the local density of
bosons). It is readily seen that our trial wave function,
unlike previous studies [49–54], preserves the continuous
translation symmetry of the system. It means, that this
ansatz is capable to capture polaronic behavior and can-
not provide the description of states with formation of
the boson-impurity molecules. It is well-known that the
mean field approximation typically misses important as-
pects of the few-body physics, but can describe the self-
localization phenomenon. The latter can be traced back
by the enormous increase of the impurity effective mass,
but has not been confirmed by the Monte Carlo simula-
tions [16] of Bose polarons. One more important thing
about the ansatz is that the average total momentum of
the system provided by the wave function (2.3) is equal to
zero identically. But slight modification of |Ψ〉N , namely
|Ψp〉N = eiprI/~
(
b˜+0
)N
√
N !
|vac〉, (2.6)
with b˜+0 being almost equal to b
+
0 except for the replace-
ment φ(rI − r) → φp(rI − r), can describe the impu-
rity moving with finite momentum p. When the polaron
moves through the Bose condensate slowly enough, its
spectrum
εI(p) = εI +
p2
2m∗I
+O(p4), (2.7)
is characterised by two parameters, namely, the binding
energy εI and the effective mass m
∗
I . The latter, as can
be shown from general arguments, does not depend on a
sign of the boson-impurity coupling and is always larger
than bare mass of the impurity atom. Being the first
correction to the Bose polaron spectrum at small p, the
effective mass is fully determined [37], in thermodynamic
limit, by the density profile of bosons in presence of mo-
tionless impurity
m∗I
mI
= 1 +
mr
mI
∫
dr
[|φ(r)|2 − |φ∞|2]2
2|φ∞|2 + |φ(r)|2 , (2.8)
where φ∞ = φ(r → ∞). Therefore we only have to
obtain function φ(r) for motionless impurity in order to
calculate two parameters in the r.h.s. of Eq. (2.7) of the
low-momentum Bose polaron spectrum.
The computation of functional (2.5) is rather trivial
if one notices that ψ(r)|Ψ〉N = φ(rI − r)|Ψ〉N−1. Then
an averaging (in N  1 limit) of HB and the second
term in HI reduces to the replacement of field operators
ψ+(r) and ψ(r) by φ∗(rI −r) and φ(rI −r), respectively.
The appropriate calculations for the impurity kinetic en-
ergy operator yield ~
2
2mI
∫
dr
∣∣∣ ∂∂rI φ(rI − r)∣∣∣2. Combining
everything together, we have
E =
∫
dr
{
~2
2mr
|∇φ(r)|2 + Φ(r)|φ(r)|2 + E [|φ(r)|2]} ,
(2.9)
where mr = mIm/(mI + m) is the boson-impurity re-
duced mass. Minimization of the above functional leads
to the non-linear Schro¨dinger equation
−~
2∇2
2mr
φ(r) + Φ(r)φ(r) + E ′[|φ(r)|2]φ(r) = µφ(r),
(2.10)
where prime near E [n] denotes the derivative with re-
spect to density n, the Lagrange multiplier µ accounts
for the proper normalization of φ(r) which, in turn, can
be chosen as the real-valued function. With the solution
of Eq. (2.10) in hands we can calculate the impurity ef-
fective mass (2.8) as well as the total energy E of the
system ‘impurity+bosons’. Then by subtracting the en-
ergy of ‘pure’ bosons V E [n] (here n = N/V is the uniform
density of Bose particles without an impurity) we obtain
the Bose polaron binding energy εI .
III. RESULTS
Before proceeding with the discussion of our main re-
sults concerning a behavior of the impurity in unitary
Bose gas, it is instructive to test this approach on the
Bose polaron immersed in a dilute gas. The case of re-
pulsive Φ(r) has been already reported [37], therefore,
here we mainly focus on the attractive branch.
3A. Attractive Bose polaron in dilute gas
In the extremely dilute limit the energy density of
bosons is well-described by the mean-field expression
E [n] = 2pi~2am n2, where a is the two-boson s-wave scat-
tering length. In order to model an attractive boson-
impurity interaction we have chosen the spherical poten-
tial well
Φ(r) =
{ −Φ0, r ≤ R
0, r > R
, (3.11)
with finite range R. The depth of potential Φ0 can be
easily related [55] through the transcendental equation
aI = R
{
1− tan(k0R)
k0R
}
, k0 =
√
2mrΦ0
~
, (3.12)
to the boson-impurity s-wave scattering length aI and
range R. The numerical solution of Eq. (2.10) (with
Φ(r) and E [n] inserted) was performed for dimension-
less boson-boson interaction na3 = 10−5, equal masses of
particles mI = m and negative values of aI . For compar-
ison with Monte Carlo simulations [16], the range of the
boson-impurity potential was taken as follows R = a/5.
In fact, equilibrium properties of the impurity is almost
unaffected by a precise value of this parameter and re-
sults for a smaller Rs only slightly differ but require much
more computer time. Note also that choice of Φ(r) al-
lows the unitary limit, where formally aI → −∞. The
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FIG. 1: Impurity binding energy (in units of the mean field
chemical potential µ = 4pi~
2a
m
n of bosons) in dilute Bose gas,
na3 = 10−5. A solid line is our mean field result, a dashed
line displays the perturbative calculations up to the second
order [18–20]. Symbols denote results of the Monte Carlo
simulations [16].
results of numerical calculations for the mean field bind-
ing energy and the effective mass of polaron immersed in
a dilute Bose gas are presented in Figs. 1, 2. For com-
parison, we also plotted the results of the second-order
perturbation theory and a quantum Monte Carlo. Impor-
tantly that our mean field calculations qualitatively agree
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FIG. 2: The effective mass of the Bose polaron in dilute gas,
na3 = 10−5. Solid and dashed lines display the present mean
field calculations and the perturbative result up to the second
order [18–20], respectively. Symbol is the quantum Monte
Carlo data from [16].
with Monte Carlo results in the whole range of the boson-
impurity coupling including an unitary limit, where the
perturbation theory is clearly inapplicable. Another in-
teresting consequence of this study is that, likewise the
Monte Carlo results, both the binding energy and the
effective mass are finite at unitary limit signaling the ab-
sence of the impurity self-localization phenomenon.
B. Impurity in unitary Bose gas
At unitary, the two-boson scattering amplitude di-
verges in the infrared region, and as a consequence, the
many-particle system demonstrates universal behavior.
Particularly, at absolute zero the energy density is given
by E [n] = ξ 35 ~
2
m n
5/3 with ξ (in case of fermions it is often
called the Bertsch parameter) being the true number. A
cursory glance on the literature concerning the determi-
nation of parameter ξ for bosons shows that there is no
consensus at this point. Various theoretical approaches
give quite different values, for instance, 22.22 [56], 5.0
[57] and 4.0 [58]. For the numerical calculations, how-
ever, we used experimental result 3.40 [59] and the one
obtained in the quantum Monte Carlo simulations 5.32
[60].
To study the attractive branch of polaron in uni-
tary Bose gas we applied the numerical procedure to
Eq. (2.10) with E ′[n] = ξ ~2m n2/3 and a two-body interac-
tion (3.11). We were interested only in real spherically-
symmetric solutions for φ(r) that satisfy two boundary
conditions, φ(0) = 0 and φ(∞) = φ∞, where the latter
constant is related to the average density of bosons, an
intensity of the boson-impurity interaction, a mass ratio
and a value of the Bertsch parameter ξ. As previously,
we took the same values of range and depth of the square
potential well and set mI = m. For the repulsive Bose
polaron we used the hard-sphere potential instead. The
4reason for this is that we could not find a unique stable
solution of the non-linear differential equation (2.10) with
the spherical-well boson-impurity interaction for positive
scattering lengths. For the hard-sphere potential the s-
wave scattering length aI coincides with the radius of
hard core and mathematically the role of potential re-
duces to the change of boundary condition at the origin
by the following one φ(aI) = 0. The results for the bind-
ing energy and the effective mass as functions of dimen-
sionless scattering length a3In for the impurity in unitary
Bose gas are presented in Figs. 3, 4. We see again that
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FIG. 3: The binding energy (in units of ξ ~
2
m
n2/3) of the re-
pulsive and attractive (inset) polarons immersed in unitary
Bose gas. Solid and dashed lines represent results for differ-
ent Bertsch parameters.
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FIG. 4: The effective mass of an impurity in unitary Bose gas
(notations are similar to those in Fig. 3).
the self-localization does not occur for an impurity im-
mersed in the strongly-interacting Bose gas, particularly,
parameters of the low-momentum Bose-polaron spectrum
remain finite even in the limit aI → −∞. It worth recall-
ing that the hard-sphere potential inadequately describes
properties of the model at large positive aIs, therefore,
results for the repulsive branch should be applicable only
in the weakly-interacting na3I  1 regime. A very un-
expected conclusion of these calculations is that, in gen-
eral, a behavior of impurity (see insets in Figs. 3,4) is
almost unaffected by the interaction with bosons, espe-
cially the effective mass m∗I , which at unitary is less than
10% larger the particle bare mass mI . The mean-field
approximation, however, provides only the lower bound
for low-energy parameters of the impurity spectrum and
results obtained here awaiting for confirmation by more
sophisticated approaches.
IV. SUMMARY
In conclusion, we have explored, for the first time,
properties of a single impurity atom immersed in unitary
Bose gas. Particularly, by utilizing original mean-field-
like approach, which was shown to describe a behavior of
Bose polaron in the dilute Bose gas on the qualitatively
correct level, we have calculated the low-momentum pa-
rameters of the impurity spectrum, i.e., the binding en-
ergy and the effective mass in a wide region of the boson-
impurity couplings. Although, the experimental realiza-
tion of such systems is complicated by the meta-stable
nature of a unitary Bose gas prepared in the so-called
‘upper branch’ [61], it will be interesting to test our pre-
dictions in Monte Carlo simulations. Another possible
application of the presented approach is the problem of
impurity in fermionic superfluids at unitary. The only
modifications of the presented scheme required for such
a calculations are the use of fermionic Bertsch parame-
ter and m should be identified with the doubled mass of
Fermi particles.
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